ABSTRACT. For G a finite group, we prove in dimension 2 that there is a monoidal equivalence between the category of G-equivariant topological quantum field theories and the category of GFrobenius algebras, this was proved in [MS06] . This work consists to give, in more detail, a proof of this result.
Introduction
For G a finite group, the G-cobordism category was introduced by Turaev in [Tur10] . A "linearization" of this category is given by a symmetric monoidal functor to the category of finite dimensional vector spaces. It so remarkable that, in dimension 2, this structure is defined completely by the algebraic object given by a G-Frobenius algebra. This result was proved by Moore and Segal in [MS06] , and more precisely this is expressed as follows.
The commutativity of the other diagrams is a natural consequence of the definition of m h,k −1 , so (1) must commute.
The preview theorem implies a property which occur in the coproducts ∆ g,h . This is a compatibility between the left and right module structure of a G-Frobenius algebra. 
Proof. Similarly as before, we can define the map m g −1 ,h as
We can make a diagram analogous to (3). Since the coproduct is written in two ways
we have the identity (4).
Finally, we end this section with the proof that the stuff of this article generalizes the usual theory of Frobenius algebras. This result appear in [Gon10] . There are some concrete examples of this structure provided by some cohomology theories associated to orbifolds, see [GLSU, CR04] and by G-string topology, see [LUX08, GLSU] . Proposition 2.3. If A is a G-Frobenius algebra we have that the G-invariant part of this algebra, denoted by A orb , is a Frobenius algebra.
where T is a set of representatives for the conjugacy classes in G and C(g) is the centralizer of g ∈ G. The maps are Ψ :
First, we prove that A orb is an algebra. The product is the restriction of the product in A because, for φ, φ ∈ A orb , we have that
An additional property is the commutativity of the product, for this we take φ = g∈G φ g and φ = h∈G φ h ∈ A orb , then
For the Frobenius structure we define the trace ε : A orb → C as the restriction of the trace ε : A → C, which is zero on A g when g = e.
To complete the prove we need to see that the induced pairing is nondegenerate. We take φ = g∈G φ g ∈ A orb and we suppose ε(φφ ) = 0, for all φ ∈ A orb . We well prove that φ = 0. If we prove that φ g = 0 for all g ∈ T we finish, because φ = g∈T h∈[g],h=kgk −1 α k (φ g ). We can consider φ h ∈ A h , where h is the
Hence ε(φ h −1 φ h ) = 0, for all φ h ∈ A h . Then φ h −1 = 0 for every h ∈ T , therefore φ = 0.
Proof of the main theorem
The non-trivial part of theorem 1.1 consists that the algebraic data given by a G-Frobenius algebra is enough to cut every G-cobordism in all possible way. For this we need a description of the elementary components of the G-cobordism category in dimension 2. For the objects we take a fixed circle, and every principal G-bundle is described by taking based points in the base and the total space and a based projection. Thus, they are exactly the elements of the group, where the bijection is given by the lifting of the base space starting in the base point of the total space. For g ∈ G we denote by P g the total space of the principal G-bundle associated. For the morphisms we do not have an explicit description, but we can described the elemental components:
1. for g, h ∈ G, the morphisms from g to h (with base space the cylinder) are in one-to-one correspondence with the elements of the set {k :
. This correspondence is given by means of the homotopy lifting property applied to the base space, a cylinder, with starting point P g ; 2. since the pair of pants has the homotopy type of S 1 ∨ S 1 , we can describe the principal G-bundles over the circle as follows. We start with the principal G-bundles over the thin pair of pants S 1 ∨ S 1 . They are in bijection with the group homomorphisms from the fundamental group of
Any other principal G-bundle over the pair of pants is obtained by composition with principal G-bundles of the cylinder; and 3. the disk which is contractile, therefore it has only one principal G-bundle over it, which is trivial.
It is important to mention that there are some invertible cobordisms which we put them away. They are the invertible cobordisms resulting by a cylinder construction associated to every diffeomorphism of the circle. We can dismiss these elements since, we can consider the subcategory of topological field theories which send them to the identity maps.
Again it is clearly that every G-equivariant topological field theory defines the structure of a GFrobenius algebra. But conversely, we start with the assignation of a linear application to every elemental component as in the following table,
Component
Linear object
with e ∈ G the identity element. Since a cobordisms could be represented by different decomposition in elemental components, then every decomposition has associated a linear map. We have to prove that all these linear maps are the same. We should first check if the association of the linear maps of the last table is well defined. The following two cases are of relevance:
1. the first consists on the invariance under the difeomorphisms over the cylinder. We know, by the theory of mapping class group, that they are generated by the Dehn twist given by (e iθ , t) −→ (e i(θ+t2π) , t). This is exactly that the action α g is trivial when we restrict to the component A g . We exemplified this in the following picture, so the consistency for us to have a well-defined assignment is that
This is just the calculation
where we use that G acts by algebra automorphisms, the twisted commutativity of the product and the property of the item 1.
Therefore, the linear maps associated to the elemental components are well defined. We pass through the proof that for every cobordism and every of its decomposition in elemental components their associated linear maps coincide. Let M be a cobordism, the set of all its decompositions can be modeled by the space of real smooth functions f : M −→ R. The study of this space is called Cerf theory, see [Cer70] . Every decomposition can be modeled by an excellent function, i.e. a function where all the critical points are of Morse type and all the critical values are distinct. For a cobordism M , we take an excellent function with critical points x 1 , ..., x k ∈ M and critical values c 1 , ..., c k ∈ M with c j = f (x j ). For the sequence of values t 0 , t 1 , ..., t k with 0 = t 0 < c 1 < t 1 < c 2 < t 2 < ... < c k < t k = 1 , the pre-image S t = f −1 (t) is a disjoint union of circles, and
is a cobordism from S ti−1 to S ti . This cobordism is a disjoint union of cylinder together with one pair of pants or one disc. Every decomposition of M in elemental components is given by an excellent function. We can take a path that connect every two excellent functions. Moreover, every point of this path is an excellent function except for a finite set of points given by two cases:
1. we have one point of birth, i.e. locally of the form
2. two critical points has the same critical value and all are of Morse type. All of them are distinct except this two.
Thus for the proof of theorem it remain to solve these two cases.
For the bird points, of the form (1), the only possibilities are the corresponding to the unit and counit (or trace) of A. We depict them in the following pictures, For elements of the form (2), let C i be the number of critical points of index i of a Morse function. Morse theory provide the following relation with the Euler characteristic
In dimension 2, the cobordism associated to the two critical points, has Euler characteristic inside {−2, 0, 2}. For χ = 2 and χ = 0 we have the cases of the sphere and the cylinder respectively. We denote by (m, g, n), the 2 dimensional cobordism with m entries, g genus and n exits. Thus the case χ = −2 corresponds to the cases (1, 1, 1), (1, 0, 3), (3, 0, 1) and (2, 0, 2). These are consider in detail below.
For (1, 1, 1) we associate holonomies to specific arcs that connect the two critical points. For example we do the following assignation, where the numbers 1,2,3, and 4 stand for elements in G. There are two possible cases, these are to identify firstly the critical point * and then #. Thus, there are two possible decompositions, which are presented in the following pictures. These two decomposition are related by the following diffeomorphism, 
where we use firstly the axiom (4) of the definition of a G-Frobenius algebra and then the property (5). Note also that, as a consequence of the non-degeneration of the trace, we have that the Euler element is invariant over the action of G and moreover, we can assume that For the sphere with four holes, we start with the case (2, 0, 2), i.e. two incoming circles, genus zero and two output circles. We assign the following holonomies, We first consider the decomposition given by a vertical cut. This produce two possible maps according to the order of the critical points,
For a) , where we use the identity (4).
We shall do one more case, this is for (3, 0, 1). The possibilities are The case (1, 0, 3) is the associated to the coproduct.
